Fourth Workshop on Compressible Multiphase Flows — Strasbhourg, 30-31/5/2022

THERMAL DIFFUSION AND PHASE CHANGE
IN A HEAT EXCHANGER

A Low Mach Number model

Gloria Faccanont’

Cédric GaLusinski'  Bérénice GREc®>  Yohan PeneL3

TIMATH - Université de Toulon
2MAPS5 - Université Paris Cité

3Team ANGE (CETMEF, LJLL, CNRS, INRIA) - UPMC



OUTLINE

1. Context
1.1 From compressible Navier-Stokes-Fourier system to the LMNC model
1.2 Equation of state

2. Toy Model for nonlinear diffusion

2.1 The Toy model

2.2 Analytical steady-state solution

2.3 Numerical Time-Dependent solution

3. Conclusion

@ D | 23




1. Context

1.1 From compressible Navier-Stokes-Fourier system to the LMNC model
1.2 Equation of state



1. Context

A HEAT EXCHANGER

1. NS—LMNC

d(t,x)

I

ve(t,x) and he(t,x)

) [43




1. Context 1. NS—LMNC

Eyoaa

d(t,x) g

A HEAT EXCHANGER

I

ve(t,x) and he(t,x)

C D DRI




1. Context

1.1 From compressible Navier-Stokes-Fourier system to the LMNC model



1. Context 1. NS—LMNC

FRoM coMPRESSIBLE NAVIER-STOKES-FoURIER To THE LMINC MODEL

Compressible Navier-Stokes-Fourier system

Oep+ V- (pu) =0
O:(pu) + V- (pu @ u) + Vp = pg + V - o(u)
Oe(ph) + V - (phu) = & + V - (wVT)+o(u):Vu+3,p+u-Vp

o Unknows

o (t,x) — u velocity field

o (t,x) > henthalpy

o (t,x) > p pressure

o p (specific density) and T (temperature) linked to h and p by an equation of state
e Given

o (t,x) — ® > 0 power density modelling the heating

o g gravity field

e w heat conductivity

e o(u) viscous effects
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FRoM coMPRESSIBLE NAVIER-STOKES-FoURIER To THE LMINC MODEL

Compressible Navier-Stokes-Fourier system

Oep+ V- (pu) =0
O:(pu) + V- (pu @ u) + Vp = pg + V - o(u)
Oe(ph) + V - (phu) = & + V - (wVT)+o(u):Vu+3,p+u-Vp

o Unknows

o (t,x) — u velocity field

o (t,x) > henthalpy

e (t,x) — p pressure

o p (specific density) and T (temperature) linked to h and p by an equation of state
e Given

o (t,x) — ® > 0 power density modelling the heating

o g gravity field

e w heat conductivity

e o(u) viscous effects

Low Mach Number Regime

speed of fluid
Speedofsound < !
@ Two pressure fields: p(t,x) = p. + M27 0«
e p. > 0 reference (or thermodynamic) pressure: an average pressure (constant in time and space)
e | perturbational pressure

@ Dimensionless System & M =

S. Dellacherie, On A Low Mach Nuclear Core Model, ESAIM: Proc,, 35 (2012)
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1. Context 1. NS—LMNC

FRoM coMPRESSIBLE NAVIER-STOKES-FoURIER To THE LMINC MODEL

~~ a low Mach number model

Oep+ V- (pu) =0
d:(pu) + V- (pu®@u) + Vp = pg + V- o(u)
Ae(ph) + V - (phu) = + V - (wVT) +o(u): Vu+8p. +u-Vp.

o Unknows
o (t,x) — u velocity field
° (t x) — h enthalpy
~~ (t,x) — 51 x) perturbational pressure
o p (specific density) and T (temperature) linked to h and p. by an equation of state
o Given

o (t,x) — ® > 0 power density modelling the heating
g gravity field

w heat conductivity

o(u) viscous effects

°
°
o
e p. > 0 thermodynamic pressure (constant)

Low Mach Number Regime

speed of fluid
Speedofsound < !
@ Two pressure fields: p(t, x) = p. + M2+«

@ Dimensionless System & M =

e p. > 0 reference (or thermodgnamic) pressure: an average pressure (constant in time and space)
e | perturbational pressure
S. Dellacherie, On A Low Mach Nuclear Core Model, ESAIM: Proc. 35 (2012)
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1. Context 1. NS—LMNC

A Low MACH NUMBER MODEL

Non-conservative formulation

o 1) — [¢(t,y)+V- (w(h,p*)VT(h,p*)ﬂ | (h,p.)

,
B8:h+u - Vh= [cb(t, y) + V- (w(h, PV T(h, p*))] A )

Oeu+ (u- Vyu+7(h,p)V5 =g+ 7(h,p.)V - 0o(u)

o Unknows

o (t,x) — u velocity field

e (t,x) — h enthalpy

o (t,x) — p(t, x) perturbational pressure

o 7 =1/p (specific volume) and T (temperature) linked to h and p. by an equation of state
o Given

o (t,x) — ® > 0 power density modelling the heating
g gravity field
w heat conductivity (constant and isotropic for each phase)
o(u) viscous effects
p« > 0 thermodynamic pressure (constant)
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1. Context

1.2 Equation of state



1. Context 1. NS—LMNC

EQUATION OF STATE

@ The fluid is in liquid phase (), vapour phase (3) or a mixture of them
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1. Context 1. NS—LMNC

EQUATION OF STATE

@ The fluid is in liquid phase (f), vapour phase (3) or a mixture of them

@ Pure phase &:
o compressible fluid governed by a given (complete) EoS —-
(h7 p) = Tﬁ(h’ p) and (h7 P) = Tﬁ(hv p)
e we can also define (T, p) — he(T,p)
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1. Context 1. NS—LMNC

EQUATION OF STATE

@ The fluid is in liquid phase (f), vapour phase (3) or a mixture of them
@ Pure phase x:
o compressible fluid governed by a given (complete) EoS =
(h7 p) — T"i(h7 p) and (h7 p) = T'i(hy p)
e we can also define (T, p) — he(T,p)
@ Mixture: at saturation (same pressure p, temperature T, chemical potential g)
o g(T,p)= gﬁ(T, p) = p— T*(p) temperature at saturation

def
o e (p) = he(T*!(p), p) and 7 (p)
saturation

def

= 7 (h2™(p), p) the enthalpy and the specific volume of the phase x at
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1. Context 1. NS—LMNC

EQUATION OF STATE

@ The fluid is in liquid phase (f), vapour phase (3) or a mixture of them

@ Pure phase x:
o compressible fluid governed by a given (complete) EoS —
(h, p) = 7 (h, p) and (h, p) — T.(h,p)
e we can also define (T, p) — he(T,p)

o Mixture: at saturation (same pressure p, temperature T, chemical potential g)

o g(T,p)= gﬂ(T, p) = p+— T*%(p) temperature at saturation
def

° hf;“t(p)‘j:efhn(TA“t(p),p) and 724 (p) = 7 (h22(p), p) the enthalpy and the specific volume of the phase x at
saturation

o At pressure p, the fluid is
e in liquid phase if h < hﬁ‘ﬂt(p)
e a mixture at saturation if hﬁ“’t(p) <h< hgﬂk(p)
e in vapour phase if h > hg“t(p)

and EoS are piecewise defined w.rt. h2*(p)
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1. Context 1. NS—LMNC

EQUATION OF STATE

At constant pressure p = p.

1
1
1
1
1
:
3 1
lg. gt gt 995 h lig.  pet gt 935 K
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1. Context 1. NS—LMNC

DIFFUSION TERM

Temperature in the LMNC model
o LMNC model
= [o(ey) + V- (wlhp )V T ()] -

@ Mixture at saturation and thermodynamic pressure p. constant:

T = T*(p.) when B*(p.) < h < hg“t(p*)

T

NVh, ith< h““t7
w(h)VT(h) =<0, if hﬁwt <h< hgat7 Y -
AVh, if h> B p
[l | !

I
lig. hf“t”“x-irs“t gaz h

3 def wy df 5h
where A\, = o and ¢px = 77 ,

C D D | 135
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1. Context 1. NS—LMNC

THE 1D moDEL

In the following we neglect the viscous terms and the dependency on pressure p..

The tmMnc model in a 1D nonconservative formulation

@ v and h solution of
Byv = [Cb(t,y) 19, ()\(h)é‘yh)]r’(h)
Beh + vO,h = [d)(t, y) +8, (A(h)ayh)} (h)

@ © solution of
v+ vov+T1(h)),p—71(h)=g

N ifh< B
Ah)y=30 i bt < h< et
Ay i h> Rt

C D D | 1235




2. Toy Model for nonlinear diffusion

2.1 The Toy model
2.2 Analytical steady-state solution
2.3 Numerical Time-Dependent solution



2. Toy Model for nonlinear diffusion

2.1 The Toy model



2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

THE Toy MODEL

Enthalpy equation

o 7(h)=1forall h
o v,b=Cte>0
Oth+ vo,h— 9, (A(h)dyh) = in R x RT
N>0 ifh<h
e Diffusion A(h) = ¢ 0 it et < h< bt

. ol
)\?20 tfhzh8

@ Inlet condition h(y = 0,t) = he < hﬁ“t

Initial condition h(y,t = 0) = hnit(y) = he

C D D | 15135




2. Toy Model for nonlinear diffusion

2.2 Analytical steady-state solution



2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITHOUT DIFFUSION
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITHOUT DIFFUSION

Steady solution with / without diffusion ~~ Notebook Jupyter or
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —93 < h"“t—hﬁmt
v v L

@ The mixture is present
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2. Toy Model

1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —92 <h"“t—hﬁ“’t
v v L

@ The mixture is present
@ The solution satisfies

o def ® » N y —yﬁ“’t . ot
he(y)=he+ Ty + 3+ [1 —exp (W)} exp |~ ity <y

S — oo def .
W)= B2 S0 + 2y — %) iy <y <y

ooy y def .
he ()= ht + Sy — v ify >yt

Y [18/35




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —92 <h"“t—hﬁmt
v v L

@ The mixture is present
@ The solution satisfies

0o def ® » N y —yﬁmt . ot
h=(y)=he+ Ty + v+ [1 — exp (*Q/V)} exp |-~ ) Hy<y

S — 0o def .

W)= B2 SR + Sy — 1) iy <y <y
oo of .
()= B+ 2y =y, ) ity >y

e The position y* is implicitly defined by h°(y") = hi*" and we have (hﬁx’)/ =0

C D D | 1835




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —92 <h"“t—hﬁmt
v v L

@ The mixture is present
@ The solution satisfies

0o def ® » N y —yﬁmt . ot
he(y)=he+ Ty + 5+ [1—eXP(Wv)} exp | — ity <y

S — oo def .

W)= B2 SR + Sy — 1) iy <y <y
oo of .
() R+ 2y =y ) ity >y

e The position y* is implicitly defined by h®(y") = A" and we have (hﬁ"’)' =0

by
e The position y;‘ﬁ is computed w.r.t. yﬂ’“’t by y,;“t = yﬂ‘“ﬁ 4 %(hgﬂk — hﬁ*ﬂt) — 75
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —92 <h"“t—hﬁmt
v v L

@ The mixture is present
@ The solution satisfies

0o def ® » N y —yﬁmt . ot
he(y)=he+ Ty + 5+ [l—exp (*27)} exp | — ity <y

S — oo def .

W)= B2 SR + Sy — 1) iy <y <y
oo of .
() R+ 2y =y ) ity >y

e The position y* is implicitly defined by h®(y") = A" and we have (hﬁ"’)' =0

A
@ The position y;‘ﬁ is computed w.r.t. yﬂ’“’t by y;“t = yf“t + %(h;“t — hﬁ*ﬂt) _ 73
o Gas diffusion reduces the mixture region for steady solution

A

aak aak sak aak 4
(yg - ):(X@ - X )__
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - |: LIQUID/MIXTURE/GAS

A
Case —92 <h"“t—hﬁmt
v v L

@ The mixture is present
@ The solution satisfies

0o def ® » N y —yﬁmt . ot
h=(y)=he+ Ty + v+ [1 — exp (W)} exp |-~ ) Hy<y

S — 0o def .

W)= B2 SR + Sy — 1) iy <y <y
oo of .
()= B+ 2y =y, ) ity >y

e The position y* is implicitly defined by h®(y") = A" and we have (hﬁ"’)' =0

A
@ The position y;‘ﬁ is computed w.r.t. yﬂ’“’t by yﬁ““t = ylf“t + %(h,‘a’“t — hﬁ“‘t) — 78
e Gas diffusion reduces the mixture region for steady solution

A
sak salb _ sab saby TR
(y8 ") (Xﬂ ") v

@ The jump is in the mixture region and
C

D D | 1835




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - II: LIQUID/GAS (NO MIXTURE)

>

Case 82 Zh‘*“t—h"“t
v ) L

v

o The mixture does not exist

C D D | 19/35




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - II: LIQUID/GAS (NO MIXTURE)

3

Case —
v

<le

o The mixture does not exist
o The solution satisfies

W (y) = he + 2y + (hg“t—hﬁ“t)—(if’—% %] [1—exp(ﬁ)]exp(1ﬁk) ity <yt
h>(y) = ®
h2(y) = b+ —(y = ™) ity >y
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - II: LIQUID/GAS (NO MIXTURE)

o The mixture does not exist
o The solution satisfies

ef A A _yhak .
B2() Ehe + Sy + (et = hi) = (79 - 7”) %] [1 — exp (#)] exp (#) ify <y™
h=(y) = ®
h2(y) = b+ —(y = y™) ity >y
o If A\; > 0, the jump is constant (as in Stefan problems)

[) = B () = (™) = b = b

C D D | 19735




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - II: LIQUID/GAS (NO MIXTURE)

o The mixture does not exist
o The solution satisfies

lef A
) Ehet 2y + [ -y - (2= 2) 2] [1-ew ()] e (27) ity <™
h=(y) = ®
h2(y) = b+ —(y = y™) ity >y

o | )\Q > 0, the jump is constant (cS in Stefar ploblems)
y - y -y =h —h
[[ ]I( ) ] ( ) ny ( ) 9

e The position y*' = yg’“t = y;“r is implicitly defined by hﬁ"’(y“‘r) = hf?“r and we have

2o — (B — b
(hﬁx’)/(y“t):% >0and —— +oo

Ag—0
2
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

STEADY SOLUTION WITH DIFFUSION - II: LIQUID/GAS (NO MIXTURE)

o The mixture does not exist
o The solution satisfies

ef A, A _pat .
B2() Ehe + Sy + (hg“t— Bty — (79 - 7”) %] [l—exp (%)] exp (#) ify <y

h=(y) =

® .
h2(y) = b+ —(y = y™) ity >y

o If \; > 0, the jump is constant (as in Stefan problems)
[RI™) = B2 — B2 (™) = et — e

o The position y*' =y = y;“r is implicitly defined by AX°(y*") = A" and we have
A
240 (gl poty
00/ (. sak v v 4 (i
=rv 5 -7 >
(h®) (v*) 5 >0 and W+oo

v

o If Ay =0, the jump is in the liquid region and hﬁ”(y“‘r) < hf“t:

)\53
v

[G) = b = ho() = 25 > b = b

Y [19735




2. Toy Model for nonlinear diffusion

2.3 Numerical Time-Dependent solution



2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

NUMERICAL TIME-DEPENDENT SOLUTION

The unified model

N(h— R i h< B
Och+vo,h— 82, (L(h) =,  L(h)={0 if B < h < h
sak f sak
A(h— k) i h> R
(so that L'(h) = A(h))

is solved by a

Fully implicit scheme

hn+1 — K"
ot

associated to a gradient scheme [Eymard et al. 2013]

+va, "t =3 (L(h"Y) = inRT

Internship L. Lamerand
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2. Toy Model 1. The Toy model . Steady-state 3. Numerical Time-dependent

@ No diffusion; influence of ® on Ax2* the width of the mixture zone

@ Diffusion in the liquid phase: influence on yf“t and the slope at yg““t
@ Diffusion in the gas phase: influence on Ay the width of the mixture zone and jump at y,;“t

»O =13 =02 =01

@ Diffusion in liquid and vapour phases, existence of the mixture zone

@ Diffusion in liquid and vapour phases, disappearence of the mixture zone
PO:l,)\}:L)\ =12

@ Diffusion in liquid and vapour phases, no mixture zone, focus on slope at yf“t

@ Diffusion in liquid and vapour phases, no mixture zone, jump in liquid phase

ro=1y=01x,=5Xro=1 3 =0x=5

C D) Y [22135




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

© _o N _
% ' v

)\ﬁq)

Case —— < h;“t = hﬁ“‘t : mixture zone at steady state
v v

®  Avec diffusion
—— Sans diffusion

3 ThIly9) = h — hly§) =0
B slope hylyf) =2

2 4 6 8 1
¥

No diffusion; influence of ® on Ax** the width of the mixture zone
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A
Case 737 < h,;“t — h*" : mixture zone at steady state

@3 Moo Mas
$=2 =0 ¢=0

ady solution
- hoatt=s0149

A . s
=

¥

No diffusion; influence of ® on Ax,‘;“t the width of the mixture zone
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

)\ﬁq)

Case —— < h;“t = hﬁ“‘t : mixture zone at steady state
v v

®  Avec diffusion
—— Sans diffusion

3 ThIly9) = h — hly§) =0
B slope hjlyf) =1

2 6 8 1
¥

No diffusion; influence of ® on Ax** the width of the mixture zone
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A
Case 737 < h,;“t — h*" : mixture zone at steady state

A
0. %20

e
b
o>
11

g o steady soluion
= - hott=100299

¥

No diffusion; influence of ® on Ax,‘;“t the width of the mixture zone
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

)\ﬁq)

Case —— < h;“t = hﬁ“‘t : mixture zone at steady state
v v

®  Avec diffusion
—— Sans diffusion

Th1iy3) = hE —haly3) =0

/—"\__\
(i)

2 6 8 1
¥

Diffusion in the liquid phase: influence on ylz‘““t and the slope at yf“t
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

Ay
Case 737 < h,;“t — h*" : mixture zone at steady state
///
& /’/ o
s _
//

¥

Diffusion in the liquid phase: influence on yf“t and the slope at ylf“t
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

®  Avec diffusion
—— Sans diffusion

3 T3 = h — hmlyf) =1
B slope hjlyf) =1

2 6 8 1
¥

Diffusion in the gas phase: influence on Ay the width of the mixture zone and jump at y;“t
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A @
Case -1 = < h;;"t — hfj"t : mixture zone at steady state
%

1 doa o

e

=

o steady saiuion
- hatt=250299

¥

Diffusion in the gas phase: influence on Ay:* the width of the mixture zone and jump at yg""t
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

®  Avec diffusion
—— Sans diffusion

C -
B slope hylyj) =0

¥

Diffusion in liquid and vapour phases, existence of the mixture zone at steady state

C D D | 2735




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A o
Case 737 < h;“t = hﬁ“t : mixture zone at steady state

o steady soluion
- hatt=250299

=

= e

-

¥

Diffusion in liquid and vapour phases, existence of the mixture zone at steady state
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A
e hfj“t : no mixture zone at steady state
v

Case A

<|e

& Avecdiffusion
— Sans diffusion

@

hy Thllyg) = h; —hi =2
—
) Slope hj(y}) =0

¥

Diffusion in liquid and vapour phases, disappear of the mixture zone at steady state

C D D | 2835




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A b
sak ot .
Case 2= > h8 — h; no mixture zone at steady state
vV v
LI e Y
2 S renn
P&
e
T

¥

Diffusion in liquid and vapour phases, disappear of the mixture zone at steady state
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2. Toy Model

1. The Toy model

2. Steady-state

3. Numerical Time-dependent

Case

%)

v

2

<|e

sat
hﬂ—

hfj“t : no mixture zone at steady state

& Avecdiffusion
— Sans diffusion

Siope hilyf) = 1

2

¥

3

8

x

Thlly3) = —hi =2

Diffusion in liquid and vapour phases, no mixture zone, focus on the slope at y**~

Y [29735




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

A b
sal ol .
Case 2= > h8 — h™ : no mixture zone at steady state
vV v
2-1 -1 %-s3
= s
%

¥

Diffusion in liquid and vapour phases, no mixture zone, focus on the slope at y**~
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2. Toy Model

1. The Toy model

2. Steady-state

3. Numerical Time-dependent

Thlly3) = —hi =2

Ay
sab g eak .
Case 2= > hﬂ — M : no mixture zone at steady state
0%
-1, 41 5;.:4
? @ Avec diffusion
—— Sans diffusion
8
7
6
.
i
—
N Slope hilyf) = 2
1
2 6 8 I

Diffusion in liquid and vapour phases, no mixture zone, the slope at y**

¥

can be > %

Y [3035




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

Ay &
Case 2= > hg"t — hﬁ’“t : no mixture zone at steady state
vV v
fﬂf
-
= = e

¥

Diffusion in liquid and vapour phases, no mixture zone, the slope at y**

can be > %
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2. Toy Model

1. The Toy model 2. Steady-state

3. Numerical Time-dependent

Case

%)

v

2

<|e

sat
hﬂ—

hfj“t : no mixture zone at steady state

& Avecdiffusion
— Sans diffusion

\

s | Slope hj(y5) = 0.5

2

3
¥

x

Thlly3) = —hi =2

Diffusion in liquid and vapour phases, no mixture zone, focus on the slope at y**~

Y [3135




2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

g o steady soluion
= - hatt=gooils

¥
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent
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2. Toy Model 1. The Toy model 2. Steady-state 3. Numerical Time-dependent
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© Robust numerical scheme with appearance/disappearances of phases and jumps

Next steps
e Add variable specific volume 7(h)

e Add Diffusion for full tvnc model (i.e. divergence equation)
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Appendix
JUMP RELATIONS FOR LIQUII)/MIXTURE

Assuming a liquid/mixture transition at y;'(t)

N, ifh<pet
Beh + vdyh — 3, (\(h)d, h) = O, ARy =470 U=
0, otherwise

(v = 0y @) (Mo ) = Bl 1)) = 00, R £) = N by, )

If v> (") (t) and h(-, t) increasing this implies that

{h(yﬂw’_(t), t) = h(y""" (1), t) = bt
Oyh(t,y " (£)) =0



Appendix
JUMP RELATIONS FOR MIXTURE/GAS

Assuming a mixture/gas transition at y;“k(t)

0, ifh<h
Och+ vdyh — 0, (A(h)0,h) = b, A(h) = K
)‘8’ otherwise

(v - (y;“t)’(t)) (h(y;““, t) = h(y,™", t)) = Ay, €)= 00, by t)

Ifv> (yﬁ““t)'(t) and h(-, t) increasing this implies that

{h(y;w(t), t) = et

(v— (}’;“t)/(t))(h;“x = h(y;"t’*, t)) = Aﬁayh(y;“t'+7 t)



Appendix
JUMP RELATION FOR LIQUID/GAS (STEFAN-LIKE MODEL)

Assuming a liquid/gas transition at y*!(t) = y(t) = yﬁ“‘*(t)

Ny, fh< ht
deh+ vy h — 8, (A(h)O,h) = ®, A(h) = , "
Ay, ih>

(1= 0500) (157,05 0) == sy

If v > (y*")(t) and h(-, t) increasing this implies that
h(t, y*~ (t)) = hi*
(e, y = (1) = b
(v = 0=y@) (B = ) = Adyh(e, v (£)) = Moy h(e, v~ ()
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