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Steady solution with diffusion - II: Liquid/gas (no mixture)

Case
� �g

v
�
v

� h	s��a�t
�g � h	s��a�t

�l

The mixture does not exist
The solution satis�es

h1 (y) =

8
><

>:

h1
�l

(y)
def
= he + �

v y +
h
(h	s��a�t

�g � h	s��a�t
�l

) �
�
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�

�l
v

�
�
v

i h
1 � exp

�
y

�
�l=v

�i
exp

�
� y 	s��a�t

�
�l=v

�
if y < y 	s��a�t

h1
�g (y) = h	s��a�t

�g +
�
v

(y � y 	s��a�t) if y > y 	s��a�t

If � �l > 0, the jump is constant (as in Stefan problems)

JhK(y 	s��a�t) = h1
�g (y 	s��a�t) � h1

�l (y 	s��a�t) = h	s��a�t
�g � h	s��a�t

�l

The position y 	s��a�t= y 	s��a�t
�l

= y 	s��a�t
�g is implicitly de�ned by h1

�l
(y 	s��a�t) = h	s��a�t

�l
and we have

(h1
�l )0 (y 	s��a�t) =

� �g

v
�
v � (h	s��a�t

�g � h	s��a�t
�l

)
�

�l
v

�
� 0 and ���!

� ` ! 0
+ 1

�

If � ` = 0, the jump is in the liquid region and h1
�l

(y 	s��a�t) < h	s��a�t
�l

:

JhK(y 	s��a�t) = h	s��a�t
�g � h1

�l (y 	s��a�t) =
� �g

v
�
v

� h	s��a�t
�g � h	s��a�t

�l
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2. Toy Model for nonlinear di�usion

2.1 The Toy model
2.2 Analytical steady-state solution
2.3 Numerical Time-Dependent solution



1. Context 2. Toy Model 3. Conclusion 1. The Toy model 2. Steady-state 3. Numerical Time-dependent

Numerical Time-Dependent solution

The uni�ed model

@t h + v@y h � @2
yy (L(h)) = � ; L(h)

def
=

8
><

>:

� �l(h � h	s��a�t
�l

) if h � h	s��a�t
�l

0 if h	s��a�t
�l

< h < h	s��a�t
�g

� �g(h � h	s��a�t
�g ) if h � h	s��a�t

�g

(so that L0(h) = � (h))

is solved by a

Fully implicit scheme

hn+ 1 � hn

� t
+ v@y hn+ 1 � @2

yy (L(hn+ 1)) = � in R+

associated to a gradient scheme [Eymard et al. 2013]
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1 No di�usion; in�uence of � on � x 	s��a�t
� the width of the mixture zone

� = 2, �
�l

= 0, � �g = 0 � = 1, �
�l

= 0, � �g = 0

2 Di�usion in the liquid phase: in�uence on y 	s��a�t
�l

and the slope at y 	s��a�t
�l

� = 1, �
�l

= 0 ! 2, � �g = 0

3 Di�usion in the gas phase: in�uence on � y 	s��a�t
� the width of the mixture zone and jump at y 	s��a�t

�g

� = 1, �
�l

= 0, � �g = 0 ! 1

4 Di�usion in liquid and vapour phases, existence of the mixture zone
� = 1, �

�l
= 0 ! 1, � �g = 1

5 Di�usion in liquid and vapour phases, disappearence of the mixture zone
� = 1, �

�l
= 1, � �g = 1 ! 2

6 Di�usion in liquid and vapour phases, no mixture zone, focus on slope aty 	s��a�t
�l

� = 1, �
�l

= 1, � �g = 2 ! 3 � = 1, �
�l

= 1, � �g = 3 ! 4

7 Di�usion in liquid and vapour phases, no mixture zone, jump in liquid phase
� = 1

2 , �
�l

= 1, � �g = 5 � = 1
2 , �

�l
= 0: 1, � �g = 5 � = 1

2 , �
�l

= 0, � �g = 5

Return
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�
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� �g

v
�
v

< h	s��a�t
�g � h	s��a�t
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Conclusion & Perspectives

1 Without di�usion, the mixture zone is always present
2 Di�usion in gas reduces the mixture zone and can disappear if su�ciently high:

di�usion in gas can be neglected if
� �g

v

�

v
� h	s��a�t

�g � h	s��a�t
�l

no mixture zone at steady state if
� �g

v

�

v
> h	s��a�t

�g � h	s��a�t
�l

3 Robust numerical scheme with appearance/disappearances of phases and jumps

Next steps

Add variable speci�c volume � (h)

Add Di�usion for full lmnc model (i.e. divergence equation)
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Appendix

Jump relations for liquid/mixture

Assuming a liquid/mixture transition at y 	s��a�t
�l

(t )

@t h + v@y h � @y (� (h)@y h) = � ; � (h) =

�
� �l; if h � h	s��a�t

�l

0; otherwise

�
v � (y 	s��a�t

�l )0(t )
��

h(y 	s��a�t;+
�l

; t ) � h(y 	s��a�t; �
�l

; t )
�

= 0@y h(y 	s��a�t;+
�l

; t ) � � �l@y h(y 	s��a�t; �
�l

; t )

If v > (y 	s��a�t
�l

)0(t ) and h(�; t ) increasing this implies that

�
h(y 	s��a�t; �

�l
(t ); t ) = h(y 	s��a�t;+

�l
(t ); t ) = h	s��a�t

�l

@y h(t ; y 	s��a�t; �
�l

(t )) = 0



Appendix

Jump relations for mixture/gas

Assuming a mixture/gas transition at y 	s��a�t
�g (t )

@t h + v@y h � @y (� (h)@y h) = � ; � (h) =

(
0; if h < h	s��a�t

�g

� �g; otherwise

�
v � (y 	s��a�t

�g )0(t )
��

h(y 	s��a�t;+
�g ; t ) � h(y 	s��a�t; �

�g ; t )
�

= � �g@y h(y 	s��a�t;+
�g ; t ) � 0@y h(y 	s��a�t; �

�g ; t )

If v > (y 	s��a�t
�g )0(t ) and h(�; t ) increasing this implies that

(
h(y 	s��a�t;+

�g (t ); t ) = h	s��a�t
�g

(v � (y 	s��a�t
�g )0(t ))( h	s��a�t

�g � h(y 	s��a�t; �
�g ; t )) = � �g@y h(y 	s��a�t;+

�g ; t )



Appendix

Jump relation for liquid/gas (Stefan-like model)

Assuming a liquid/gas transition at y 	s��a�t(t )
def
= y 	s��a�t

�l
(t ) = y 	s��a�t

�g (t )

@t h + v@y h � @y (� (h)@y h) = � ; � (h) =

(
� �l; if h � h	s��a�t

�l

� �g; if h � h	s��a�t
�g

�
v � (y 	s��a�t)0(t )

��
h(y 	s��a�t;+ ; t ) � h(y 	s��a�t; � ; t )

�
= � �g@y h(y 	s��a�t;+ ; t ) � � �l@y h(y 	s��a�t; � ; t )

If v > (y 	s��a�t)0(t ) and h(�; t ) increasing this implies that

8
><

>:

h(t ; y 	s��a�t; � (t )) = h	s��a�t
�l

h(t ; y 	s��a�t;+ (t )) = h	s��a�t
�g�

v � (y 	s��a�t)0(t )
��

h	s��a�t
�g � h	s��a�t

�l

�
= � �g@y h(t ; y 	s��a�t;+ (t )) � � �l@y h(t ; y 	s��a�t; � (t ))
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