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Thermodynamics is a funny subject. ..

The first time you go through it, you don't understand it at all.

The second time you go through it, you think you understand it, except for one or two

small points.

The third time you go through it, you know you don't understand it, but by that time
you are so used to it, it doesn’t bother you any more.

Arnold Sommerfeld
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Generality of Thermodynamics

Thermodynamics describes average properties of macroscopic matter in equilibrium. J

Macroscopic matter: large objects that consist of many atoms and molecules.
Average properties: properties (such as volume, pressure, temperature etc.) that do not depend on
the detailed positions and velocities of atoms and molecules of macroscopic matter.
Such quantities are called thermodynamic coordinates, variables or parameters.
Equilibrium: state of a macroscopic system in which all average properties do not change with
time.

@ Thermodynamics predicts that these properties of a system in equilibrium are not independent
from each other. Therefore, if we measure a subset of these properties, we can calculate the rest
of them using thermodynamic relations.

]

Thermodynamics also provides an approximate description of relatively slow processes. During
such slow processes, system is in quasi-equilibrium because in the process the system goes
through a sequence of nearly equilibrium states.
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Motivation

For the purpose of CFD calculations, thermodynamic properties must be calculated
@ over a wide range of states

o starting from different couples of input variables

@ a check must be made wether the calculated thermodynamic point is located in a pure
region or in the VLE region (Vapor-Liquid Equilibrium)

Difficulties on the construction of coherent thermodynamic laws

4
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Motivation

For the purpose of CFD calculations, thermodynamic properties must be calculated
@ over a wide range of states

o starting from different couples of input variables

@ a check must be made wether the calculated thermodynamic point is located in a pure
region or in the VLE region (Vapor-Liquid Equilibrium)

Difficulties on the construction of coherent thermodynamic laws

© How to obtain an accurate (and useful in CFD) description of a pure region?
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Motivation

For the purpose of CFD calculations, thermodynamic properties must be calculated
@ over a wide range of states

o starting from different couples of input variables

@ a check must be made wether the calculated thermodynamic point is located in a pure
region or in the VLE region (Vapor-Liquid Equilibrium)

Difficulties on the construction of coherent thermodynamic laws

© How to obtain an accurate (and useful in CFD) description of a pure region?

@ How to obtain the same values for all thermodynamic variables by performing calculations

with different couples of input variables, but corresponding to the same thermodynamic
state?
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Motivation

For the purpose of CFD calculations, thermodynamic properties must be calculated
@ over a wide range of states
o starting from different couples of input variables

@ a check must be made wether the calculated thermodynamic point is located in a pure
region or in the VLE region (Vapor-Liquid Equilibrium)

Difficulties on the construction of coherent thermodynamic laws

© How to obtain an accurate (and useful in CFD) description of a pure region?

@ How to obtain the same values for all thermodynamic variables by performing calculations

with different couples of input variables, but corresponding to the same thermodynamic
state?

© How to obtain an accurate description of the transition from a pure region to the VLE
region?
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Motivation

For the purpose of CFD calculations, thermodynamic properties must be calculated
@ over a wide range of states
o starting from different couples of input variables

@ a check must be made wether the calculated thermodynamic point is located in a pure
region or in the VLE region (Vapor-Liquid Equilibrium)

Difficulties on the construction of coherent thermodynamic laws

© How to obtain an accurate (and useful in CFD) description of a pure region?

@ How to obtain the same values for all thermodynamic variables by performing calculations

with different couples of input variables, but corresponding to the same thermodynamic
state?

© How to obtain an accurate description of the transition from a pure region to the VLE
region?

@ CFD requires extremely fast algorithms for thermodynamic properties of working fluids
because they are frequently used in the inner iteration cycles of the process calculations.
How to balance accuracy and reasonable computing times?

v

4
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Notations |

o EoS Equation of state

In this talk, all variables are intensive

@ T > 0 specific volume (and ¢ = 1/7 specific density)

o ¢ specific internal energy

@ s specific (physical) entropy

o T temperature

@ P pressure

o 11 Gibbs potential or free enthalpy or chemical potential (synonyms for a one-component
system)

@ h enthalpy

o f free energy (or Helmholtz potential)

@ c speed of sound
o cp specific heat at constant pressure (isobar heat capacity)

@ ¢, specific heat at constant volume (isochoric heat capacity)

Some notes on thermodynamics (6/46 y
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Notations Il

A physicists' convention:

to avoid confusion when we compute partial derivative performing changes of thermodynamic
variables, we shall specify outside a vertical bar the list of the independent variables maintained
constant.

For instance if we think of P as being a function of T and 7, we write

lid
aT

T
to denote partial derivative of P in T with T held constant.

If we write
P

T

we think of P as being another function which variables are T and s.

. ‘ 7
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1. EoS for pure phases: one component with one-phase (liquid or vapour) J

1.1 A complete EoS

1.2 Legendre's transform

1.3 Thermodynamic potentials and state function
1.4 Entropy as a complete EoS

. ‘ 8
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A complete EoS — |

Complete equation of state (= Fundamental equation)

Specific internal energy ¢ is everywhere uniquely (and smoothly) determined by its specific
volume T and its specific entropy s:

e:RT xR — R"
(t,5) —¢(T,s)

The fundamental thermodynamics relation is
de = —Pdt + Tds
where P is the pressure and T the temperature so that

e de def O
plf 9 T def OF
(T.5) ot | (r.5) ds

(t,5) = P and (7,s) — T are called incomplete EoS.

. ‘ 9
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A complete EoS — Il

Standard thermodynamics requires that
ef O
TEE S0
ds |,

@ Hessian matrix is positive definite, i.e.

22e| 9% 92¢ 2
det(He) = 52 @j(a? ) >0,
S s
9%¢
ﬁs>o
9%¢

T

Let us note that this implies that ¢ is strictly convex but the converse is wrong.

If ¢ is not strictly convex (for example when the graph of ¢ contains a line or a plane), the geometry has the physical

interpretation of phase transition.
10/46
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Legendre's transform

Legendre’s transform — |

@ T and s are independent variables while P and T are derivatives

o It is often more convenient to have P and T as independent variables because they are
simpler to measure or control in experiments

@ Our goal is to derive functions of variables P and/or T that contain all information about
the system of interest as the complete EoS (7,s) - ¢.

@ These functions (thermodynamic potentials) can be obtained by a mathematical trick called
the Legendre transform.

11
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Legendre’s transform — Il

Let H a convex l.s.c. and proper function: The Legendre transform H* of H is
H: R" — (—00, 400] H*: R" — (—o0, +00]
p H(p) qHH*(q)gsqu (p-a—H(p))
peR”

o H* is likewise convex, |.s.c. and proper and (H*)* = H
o If His C? and strictly convex then
H*: R" — (—o0, +00]
def

q— H(a)=p(a) a—H(p(a))  with p=p(q) solving g = VH(p).

There are 3 possible Legendre transforms of (s, T) — ¢, according as to whether we transform
@ in the variable s only,
@ in T only,

@ orin (s, T) together.

. ‘12
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Legendre’s transform

Legendre’s transform — IlI

It is customary in thermodynamics to take the negative of the mathematical Legendre transform:

—sup{---}=inf{—---}

@ The Helmholtz free energy f (sometimes noted a) is

f(T,7) =inf(e(s,7) — Ts) Ze(s, 1) — Ts where s = s(T,T) solves T = %

T

@ The enthalpy h is

h(s, P) ir;f(s(s, T) + P1) Z¢(s,7T) + Pt where T = 1(s, P) solves —P = %

o The Gibbs potential (= chemical potential = free enthalpy) j is

u(T,P) = inf (e(s,7) + Pt — Ts)
(s,7)

*

e(s,t)+PT—Ts where s = s(T,P) and T = (T, P) solve

* because ¢ is C? strictly convex.
1
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Thermody ic p ials and state f

Thermodynamic potentials and state function

Potential Natural Conjugate Differential Maxwell
variables variables relations
€ (s, 7) T:ﬁ - de = Tds — Pdt oT| __ 9P
s |, oT |, ot |, s |,
oh oh aT T
h=¢e+ Pt (s, P) ngp Tﬁﬁs dh = Tds + 7dP ﬁsigp
f=e¢—Ts (T, 1) s:fﬁ P:fﬁ df = —sdT — Pdt 9| _ 9P
oT |, ot | ot |y  oT |,
» . ou _ou - ds| ot
u=e—Ts+Pt (T,P) sffa—TP Tfa—PT dy = —sdT + tdP 3|, =~ " aTl,

By exploiting the

exactness of differentials
o The internal energy ¢ is strictly convex in (s, T)
@ The enthalpy h is strictly concave in P, strictly convex in s
@ The Helmholtz free energy f is strictly concave in T, strictly convex in T
o The Gibbs free energy ji is strictly concave in (T, P)

14
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Entropy as a complete EoS

Entropy as a complete EoS — |

What | haven't told you

Owing T > 0, the relation (7,s) — (7,¢) is a local diffeomorphism so we can define a complete
equation of state as

s: R xRT = R
(t,€) — s(T,¢)
The fundamental thermodynamics relation Tds = de + Pdt implies that

aj 7l>0 ds P
de|, T '

al T T

The entropy has a definite negative Hessian matrix, thus s is strictly concave.

. 15
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Entropy as a complete EoS — 1l

Remark:
@ we can compute other 3 potentials (and 4 Maxwell's relations) using Legendre’s transform
of (1,¢) —~ s:
o the 777 function
2(Le) = iqf (s(t.e) — £1) =s(t,e) - £1 where T = 7( %, ¢) solves £ = & .
o the Massieu function
i L) €Y = € _ 1 1 _ 9
j(t. F) = |r:f (S(T,E) - ?) =s(t,¢) — - where ¢ = ¢(T, ) solves + = |
o the Planck function
P 1 . P €\ * P €
. 7)= f( T, € 77’[’77): T E)— LT — —
£=2
where 7 =7(%£,¢) and e = ¢(£, 3) solve ¢ T — STl
T de It

e if P> 0 then (1,s) — (g, s) is also a local diffeomorphism and we can compute other 3
potentials (and 4 Maxwell’s relations) using Legendre's transform of (¢,s) — T

‘16/46
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2. EoS with liquid-vapour phase transition

What | haven't told you

2.1 Principal facts and ideas
2.2 Maxwell construction with cubic law
2.3 What about the speed of sound in the VLE region?
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Principal facts and ideas

First Order Phase Transitions: Phase Equilibrium

@ A phases is a part of a system, uniform in chemical composition and physical properties.

@ A phase transition is an abrupt or a qualitative change of some macroscopic property of a
thermodynamic system as a function of a thermodynamic coordinate.

For le, in a liquid-vapor phase iti density of the material undergoes an abrupt change.

. 18
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Principal facts and ideas

First Order Phase Transitions: Phase Equilibrium

@ A phases is a part of a system, uniform in chemical composition and physical properties.

@ A phase transition is an abrupt or a qualitative change of some macroscopic property of a
thermodynamic system as a function of a thermodynamic coordinate.

For le, in a liquid-vapor phase transiti density of the material undergoes an abrupt change.

@ When two phases are at equilibrium they have the same T and P, and the j of any
substance must have the same value in all phases in which that substance appears

1
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Principal facts and ideas

First Order Phase Transitions: Phase Equilibrium

@ A phases is a part of a system, uniform in chemical composition and physical properties.

@ A phase transition is an abrupt or a qualitative change of some macroscopic property of a
thermodynamic system as a function of a thermodynamic coordinate.

For le, in a liquid-vapor phase transiti density of the material undergoes an abrupt change.

@ When two phases are at equilibrium they have the same T and P, and the u of any
substance must have the same value in all phases in which that substance appears

(P, T)— px

The surfaces intersect along the coexistence
curve.

The transparent yellow extensions of the surface
represent metastable states.

The slope of the (white) isotherms in the
pressure direction is the volume.

Source http://www.public.iastate.edu/~jolls/

. 18/
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Principal facts and ideas

The (7, T) — P surface

. 19
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Projections of the (7, T) — P surface
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Maxwell construction with cubic law
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“Cubic EoS" is an incomplete EoS (7, T) — P that can be written as a polynomial of degree 3
in T (e.g. Van der Waals, Peng Robinson, Soave Redlich Kwong. . .)

E.g. reduced Van der Waals law

« 8T
(,T) —» P¥ 8 3

3r—1 12

. ‘21
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Maxwell construction with cubic law

Maxwell construction with cubic law

What | haven't told you

critical
point

T>T.
C

iso-T with T = T,

R
AT

iso-T with T < T,

T T

. ‘ 21
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Maxwell construction with cubic law

Maxwell construction with cubic law

critical

point T>T,

T(P?)  Te Toap (P) °
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Maxwell construction with cubic law

Maxwell construction with cubic law

critical
point
C

T(P?)  Te Toap (P)
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iso-T with T = T,
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Maxwell construction with cubic law

Maxwell construction with cubic law

critical
T>T.

saturated
vapor

iso-T with T = T,

PS huauns

saturated
liquid

iso-T with T < T,

VLE region

T(P?)  Te Toap (P) °
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Maxwell construction with cubic law

What about a complete EoS with phase transition?

o In an ideally isolated system, all internal processes lead to an increase in the total entropy of
the system. When the entropy reaches its maximum value, the system is at equilibrium.

22
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Maxwell construction with cubic law

What about a complete EoS with phase transition?
o In an ideally isolated system, all internal processes lead to an increase in the total entropy of
the system. When the entropy reaches its maximum value, the system is at equilibrium.

@ In a system with liquid and vapor with no chemical reactions, the equilibrium condition is
that the temperature, pressure, and Gibbs free energy must be equal in both phases in VLE
region. This condition is equivalent to compute the concave hull of an entropy:

where co is the concave envelope (i.e. the smallest concave function greater than or equal
to s in some region)

22
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Maxwell construction with cubic law

What about a complete EoS with phase transition?

o In an ideally isolated system, all internal processes lead to an increase in the total entropy of
the system. When the entropy reaches its maximum value, the system is at equilibrium.

@ In a system with liquid and vapor with no chemical reactions, the equilibrium condition is
that the temperature, pressure, and Gibbs free energy must be equal in both phases in VLE
region. This condition is equivalent to compute the concave hull of an entropy:

@ If we have one EoS (7,¢) — s describing both phases (e.g. Van der Waals), then s is not
concave and we define

(t,€) — s%9(t,¢) = co {S(T,S)}

[ef. Ph. Helluy, H. Mathis]

where co is the concave envelope (i.e. the smallest concave function greater than or equal

‘ 22/46
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to s in some region)
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Maxwell construction with cubic law

What about a complete EoS with phase transition?

o In an ideally isolated system, all internal processes lead to an increase in the total entropy of
the system. When the entropy reaches its maximum value, the system is at equilibrium.

@ In a system with liquid and vapor with no chemical reactions, the equilibrium condition is
that the temperature, pressure, and Gibbs free energy must be equal in both phases in VLE
region. This condition is equivalent to compute the concave hull of an entropy:

@ If we have one EoS (7,¢) — s describing both phases (e.g. Van der Waals), then s is not
concave and we define

(t,€) — s%9(t,¢) = co {S(T,S)}
[ef. Ph. Helluy, H. Mathis]
@ If we have two EoS (7,¢) — s, (e.g. NASG), one for each pure phase, then
(T.€) > s%9(T,¢) = co { max { s (T, €), Svap (T, s)}}
(T.e)

[cf. Th. Barberon, Ph. Helluy, H. Mathis, N. Seguin ...]

where co is the concave envelope (i.e. the smallest concave function greater than or equal

‘ 22/46
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to s in some region)
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Maxwell construction with cubic law

Concave envelope
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Maxwell construction with cubic law

Concave envelope

(t.e) = r(q?;{sm(t €), svap(T.€)}

Some notes on thermodynamics
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Maxwell construction with cubic law

Concave envelope

(T.8) = CO{ nax {siiq(T.€), Svap(T, 8)}}
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Maxwell construction with cubic law

Concave envelope

(T.8) = CO{ nax {siiq(T.€), Svap(T, 8)}}

Some notes on thermodynamics

What | haven't told you

‘23/46



Pure region VLE region Analytical Real life
00000000 000000e 00000 00000000000

What about the speed of sound in the VLE region?

What about the speed of sound in the VLE region?

Let w®(T, ¢).

opea
aT

opea
de

(w) =7 (Piw)

)

T
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What about the speed of sound in the VLE region?

What about the speed of sound in the VLE region?

Let w®(T, ¢).

) g()
L
A (w) =7 (P“'(w) = - g ) (2T (w) E[P“‘(W), 1] Hyea (w) [Pei(lw)ﬂ

. ‘ 24
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What about the speed of sound in the VLE region?

What about the speed of sound in the VLE region?

Let w®(T, ¢).

What | haven't told you

) é()
L
A (w) =7 (P“'(w) = - g ) (2T (w) E{P“(w), 1] Hyea (w) [Pj(lmﬂ

Hessian matrix of w — s

e for all w in pure phase region
VTHseq(W) v<0 Vv ?é Ov

o for all w in VLE region

Fv(w) #0 st (v(w))T Hsea (w) v(w) = 0.

. ‘ 24
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What about the speed of sound in the VLE region?

What about the speed of sound in the VLE region?

Let w®(T, ¢).

) é()
L
A (w) =7 (P“'(w) = - g ) (2T (w) E{P“(w), 1] Hyea (w) [Pj(lmﬂ

Hessian matrix of w — s

e for all w in pure phase region
VTHseq(W) v<0 Vv#0,

o for all w in VLE region

Jv(w) #0 s.t. (v(w)) Heea(w) v(w) = 0.

Theorem (G.F., S. Kokh, G. Allaire — M2AN 2012)
Vw in VLE region, v(w) # [P®9(w), —1]

i ‘ 24
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3. Some analytical EoS

What | haven't told you

3.1 How to define a complete EoS
3.2 From an incomplete (7, T) — P EoS to a complete (7,¢) — s EoS
3.3 Some examples

Some notes on thermodynamics
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How to define a complete EoS

How to define a complete EoS

@ It is very common in practice to specify the EoS of a material via a specification of the
function (7, T) — P. Such a formulation is just an incomplete EoS.

o In the compressible Euler equations it is necessary to specify the incomplete EoS (¢, 7) — P.

In these cases, the difficulty is to obtain an accurate function for pure phases also coherent with
saturation.

Idea

Derive a complete EoS that is compatible with a given incomplete EoS, by finding a temperature
and specific entropy that satisfies the first law of thermodynamics.

2
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From an incomplete (7, T) — P EoS to a complete (7,¢) —+ s EoS

From an incomplete (7, T) — P EoS to a complete (7,¢) — s EoS |

Goal

Find the internal entropy s = s(7, ¢) for a particular material for which the incomplete equation

of state can be written as T
P(r. T) = —— - v(1)

where r > 0 is the universal gas constant, b > 0 is material-specific constant and v is a function
of T (e.g. for Van der Waals v(7) = %).

@ The complete equation of state can be obtained by integration of
P 1
ds = —dr+ —=d
T T+ T e

r 1 1
= (71— b 7v(r)) dr + ?ds

. ‘ 27
Some notes on thermodynamics /“6‘



Pure region VLE region Analytical Real life
00000000 0000000 00800 00000000000
From an incomplete (7, T) > P EoS to a complete (7,¢) s EoS

From an incomplete (7, T) — P EoS to a complete (7,¢) — s EoS Il

What | haven't told you

@ The entropy s is an exact differential form, so that

_ )| _ a(3)| .. o(F)| 9 | _
e = 5 =—v(T1) BZ ie. 8;— 3 (%) = —v(1).
€ T T € T

thus we can define 1 as any function of ¢ — [ v(7)dr.

o Finally we compute the complete EoS by integration of

P 1
ds = ?d’r-i- ?ds.

We note that, given T — v(7),
o there is no uniqueness on the choice of T (and then on s)!

o if (T,¢) — s is not concave everywhere, we replace s by its concave envelope.

2
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Some examples

What | haven't told you

a
. — T —
Van der Waals: P(7,T) = = — v(7) and v(T) = =
2 must be a function ¢+ [v(T)dt = ¢+ 2, eg.
1 o
T 2+

and the complete EoS can be obtained by integration of

P 1 r a ¢ c
ds = —dr+ —=de = - S5 |d “— ) de.
TT+T <be T2§+£> T+<§+£>

T T

We start by integrating in e:

S(T,E):/.%dEer(T):/. S de+w(t) = ¢, In (;+s)+w(r)

a
Tte
and then 5
s a ¢ ,
— | =—= + ' (7).
> a
aT |, T 2 +e¢
H dos| _ P _ r _ o a / _ _r o
Since §2 ST g then «w'(7) = -5 and finally

s(t,e) =cylIn (; +s) + rin(t — b) + so.

. 29
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Some examples

Some examples

EoS v(T e— [v(T)dr 1
1
Noble-Abel Stiffened Gas a e—at I
e—ar+ab—q
a a <
Van der Waal = 2
an der aals T2 £+ pe T %
. El T+ b cy
Soave Redlich Kwong m £+ %In (T) m
i [ Loy (V2D o
Peng Robinson P e+ 2fb In (r+(1—\/§)b) o . ( - 1+\/i)b)
f +(1-v2)b
. ay A
Martin Hu —
(T-b(t—b) (t-b32(T—b)
a T C,
N 1 [ 2 B v
o name T(T—b) €+bn(‘f*b> e+ 2In(5)
a G
N 2 [ _a_ v
o (b e e
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4. Working with real values and VLE region

What | haven't told you

4.1 A cubic EoS (e.g. Van der Waals)
4.2 A complete EoS for pure phases (e.g. Stiffened Gas)
4.3 An incomplete EoS

Some notes on thermodynamics
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A cubic EoS (e.g. Van der Waals)

A cubic EoS (e.g. Van der Waals)

In general, we work with a reduced version of the EoS by defining the following dimensionless
quantity
det P def T def T
Pr=— Tr= —, =—
R P’ R T, R T
where (Tc, Pc, T¢) is the critical point. We obtain the reduced EoS (which is the same for all
fluids).

Van der Waals

det rT a
T P= - = .
(T T)— b 2 T>b
The critical point (¢, Pc, T¢) is defined as the only point such that %—’; . =0 and %27,2; . =0.
We have T, = 237”, T. =3b and P. = 27ab2 so that
ef 8TR 3 1
(TR TR) > PRE —F_ — =, 3 < T < +oo.
3tp—1 T3
v

. ‘ 32
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A complete EoS for pure phases (e.g. Stiffened Gas)

A complete EoS for pure phases (e.g. Stiffened Gas) |

Having chosen the expression of entropy, how to determine the parameters describing each pure
phase to best fit with saturated curves? J

s=c/In(e—qg—nt)+c,(y—1)In(T) + 50

Each phase is described by its own SG EoS, so that we have to compute five constants for each
phase:

o specific heat at constant volume ¢,

@ binding ener,
o adiabatic coefficient 7, £ &Y

o reference entropy (so)
o reference pressure 71,

. 33
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A complete EoS for pure phases (e.g. Stiffened Gas)

A complete EoS for pure phases (e.g. Stiffened Gas) Il

Method from [O. Le Metayer, R. Saurel] J

For a given temperature T, the experimental data needed for the computation are the pressure

at saturation PZ,,(T), the enthalpies at saturation h .,,(T) and the volumes at saturation
T:,exp( T)'

o Step |: computation of ¢, and gy.
Analytical expression of the SG enthalpy: h (T, P) = g + ¢, T (independent of P). We
performs a linear approximation of the experimental enthalpies between two reference states
To and Ty (or by least-square approximation):

he oo (T1) — B s (To)
oy = K,exp o 7ixoexp : g = hi,exp(TO) — Cpy To

4
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A complete EoS for pure phases (e.g. Stiffened Gas)

A complete EoS for pure phases (e.g. Stiffened Gas) IlI

@ Step Il: computation of 7.
At saturation, there is an algebraic relation between the temperature and the pressure, e.g.
we can write P = P*(T). Thus for the specific volumes at saturation we have

—a)T %(T1) (PS(THHK) LY

s _ s 7(CPY\’
TK(T)*TK(T’P(T))*W’ T T:(To) | (P(Th) + 7o) T,

so that we can determine an averaged value of the coefficient 77, using experimental values
of the volume and the pressure at saturation

o ToT exp (T1)Pep(T1) — TaT, hexp(TO)Pexp(To)
=
T1i7, KeXp(TO) ToT, Kexp(Tl)

@ Step Ill: computation of ¢, and .

Ps.(To) + 7t ;
Cvye = Cpx — expfox ;exp(T()) = Y = Cih
Vie
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A complete EoS for pure phases (e.g. Stiffened Gas)

A complete EoS for pure phases (e.g. Stiffened Gas) IV

o Step V: computation of gf.
At thermodynamic equilibrium, the two Gibbs potentials are equal:

AIn(PS(T)+mg) —BIn(P*(T)+m) — C(In T —1) + ? +q,—qy=0

with
def def def def

A:cpgfcvg, B=cp, —cy, C:cpgfcpi, D=gqg —qy.

By convention, we take g, = 0J - K~ and determine the coefficient qé using experimental
values of the pressure at saturation

D
dy = Aln (P, (To) + 7tg) — BIn(PS(To) +7p) — C(In To — 1) + -

and finally
(s0)x = ax — ey Y In(cv) — cu (7x — 1) In(y — 1).

. 36,
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A complete EoS for pure phases (e.g. Stiffened Gas)

What about SG EoS for lig-vap phase transition at high pressure?

Temperature at P =15.5 MPa for water

T T T T
Tliq
Je
Tvap
600 |- .
<€
~
550 |- .
500 i ‘ fer
1 15 2 25

h/106 (J-K~1)

o SG EoS: T (hR) = ha=

Cpx

o NASG EoS: Ty (h, P) = ha—beP

Cpx

. 37
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00000000
A complete EoS for pure phases (e.g. Stiffened Gas)

What about SG EoS for lig-vap phase transition at high pressure?

Temperature at P =15.5 MPa for water

T T T T
Tliq
Je
Tvap
600 |- .
<€
~
550 |- .
500 i ‘ fer
1 15 2 25

h/106 (J- K1)

: — h=gx
e SG EoS: T, (h R) = o T
o NASG EoS: Ty(h, P) = h=ax=—beP J

Cpx

. ‘ 37
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An incomplete EoS

An incomplete EoS - |

Tabulated laws at p = pg

Do you really want a complete EoS?

Or do you want just an incomplete EoS respecting some conditions
(e.g. positivity, monotonicity, saturation etc.)?

For instance: how to define the incomplete EoS (h,p = po) — T
accurate with table values?

. ‘ 38
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An incomplete EoS — Il

Tabulated laws at

Source: http://webbook.nist.gov/chemistry/fluid/

P = Po

— T~~~ N

Isobaric Data for P = 15.500 MPa

Internal Sound | Joule- Therm.

Volume o | cp Viscosity -
" MPa) |tkgim3]| im3/kg) il (dig) | (EK) [(/5*K)|(1/g*K)) | e (Pa*s) Cond. [Phose
(jeJjkg) (mj=) | (K/MP3) [vejm* )|
sp0.00| 15500 B427slo.coiises|  oen3y o7 2.56af 3218045615 12937] -006913(000012092 0.6571Y liguid]
sio00f 1ssoo| e297sfocowosz]  icoso| ime4d] 26a7s| sassn 46282 12575) -nodss: 1552 06489 liquid|
sz0.00| 15500 sicozjooizass|  woeza 103 2.7ma| 31575 4705 12191] -ozean|onooniior| osssg liquid
53000 15500 B0LsZf0.001347s|  icees| 11s8| 2s2m0( 31209 47955 1176.5) 00031 2| 062753 liguid

54000 155000 78613(0.0013721) 11476 1167.3 29195) 31043 4.2023] 11353 0023516[000010179| 0.61518) liquid)
550000 155000 Tee7ifo.00izeez] 168l 12159 30106( 30809 5.0308( 10694 0055400[9.7EEDe-05| 0.60122) liquid)
56000 155000 752080.0013207 12474 12es0| 3| 30600 5.0871| 10403 0ooas0ofa35s4e-05) 0.58562) liquid)
st0.00 155000 73zoifo.00i3edd]  12oa 13208 31c61| 30425 5.3845( 96740 0.14106|5.5743e-05) 0.56E29 liquid)
58000 155000 TiLET0.0004048)  13541| 1375c| 33o:i8| 3.0992) 5.5422| 929.85)  0.20088)5 5872305 0.59917) liquid)
590000 155000 68R30(0.001452 14114 14339 33001f 30022 5.00e8| ses20|  0.27962|s.1811e-05) 0.52826 liquid)
600.00( 15.500] 661 14)0.001512 14728 1455.4) 34oe0| 30252) 6.5254) 7o432|  0.38930)7 To6Re-05| 0.50554) liquid)
6i0.00) 15500 &2B220.0015018  1stin| 15657 3.6106) 3.0478) 7.4353) Tos82|  0.55767.2B30%-05] 04BDGT| liquid
61704 15500 5943sj00oieezd)  1e0se| 1ead 37151 31010 5.9500) 62143  0.7R902|5 B327e-05| D.45847] liquid
6i7.04| 15500 10193)0.0098106  2444.4| 2%61| 52788 3.6331) 14000) 43340]  7.3328) 2 310Re-05( 012136 vapor|
620.00( 15.500| 98.412) 0.010161 24654| 228 53220 34715 12006| 44247  7.3545) 2 3106-05( 011519 vapor|

630.00( 15500] BT.i70| 0.011472) 25407 27195 54767 3.0236 8.0341| 473.67) 3035| 2. wapor|
c40.00] 15500] 80172 0.012473) 275 2708 s5poif 27765 64068 40554 7.1500] 2.35420-05(0.092124] vapor|
650.00( 15500] 75.074) 0.013320) 26435 28495 5.6E07| 26053 54819 513.12) £.9630( 2. apor|
Ge0.00| 15500 71073 0.014070  2e834] 20015 5.7%05| 24762) 48741 52811 E.7E11|2 apor|
670.00( 15.500] 67786 0.014752) 27193 29460 58294 2374 4.4414) 54130 655262 wapor|
ce0.00| 15500] £5.004) 0.015384) 27523 2907 58027 22033 4.0171f 553.07  £.3425| 250k vapor|
co0.00| 15500] 62505 0015676 2ve2o 3030 50%00| 22266 38553 Se401 £.1338[ 2,573 vapor|
to0.00{ 15500] 60473 0016536  2ei1o 30683 eoos0| 2a7Tis] 3see| ST4ne|  s.eomazer apor|

e N N e U T e NG
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An incomplete EoS

An incomplete EoS — Il

Tabulated laws at p = pg
o In tables we can find {h;, (cy);}ics, for a given pressure p = pg

o Since Tds = dh — tdP then
1 9T

5 = ah

P

o Approximation of (h, p = pg) — L+ by least squares on the set {h;, (c,);}icy. and
(cp)x P ©

Ti(h, p = po) = T*(po) + ' .
P = P0) — 0 TN
) hE(po) (Cp)x

(e.g. if 1/¢p is approximated by a polynomial of degree 1, T is a polynomial of degree 2)

Properties

(h,p=po) = Tx(h,p=po) is
@ continuous
@ positive
@ strictly increasing

@ saturation exactly holds

Some notes on thermodynamics
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t,x) = po + p(t, x) with zE:’ z; = O(M?3)

divu = PUPo) g

Po
dth+u-Vh=1(h, po)®P
oru+ (u-V)u+1(h,po)Vp=1(h, po)div(c(u))+g
@ Unknowns
e Given quantities
@ Boundary conditions

e EoS

o How to compute EoS with real values

. ‘41
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t,x) = po + p(t, x) with zE:’ i; = O(M?3)

divu = PUPo) g

Po
d¢h+u-Vh=1(h, po)®
oru+ (u-V)u+1(h,po)Vp=1(h, po)div(c(u))+g

Unknowns
o (t,x) — u velocity
o (t,x) > h enthalpy
e (t,x) — p dynamic pressure

Given quantities
Boundary conditions
EoS

How to compute EoS with real values

. ‘41
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t,x) = po + p(t, x) with zE:’ i; = O(M?3)

B(h.po) o,
Po
d¢h+u-Vh=1(h, po)®

divu =

oru+ (u-V)u+1(h,po)Vp=1(h, po)div(c(u))+g

@ Unknowns
o Given quantities
o (t,x) — @ > 0 power density

e g gravity
e po thermodynamic pressure (constant)

@ Boundary conditions
e EoS

@ How to compute EoS with real values

. ‘41
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t,x) = po + p(t, x) with p(t.x) = O(M?3)

p(t,x)

ﬁ(h-Po)cD
Po
3ch+u-Vh=t(h po)®

oru+ (u-V)u+1(h,po)Vp=1(h, po)div(c(u))+g

divu =

e Unknowns

e Given quantities

|'| Free outflow
|

. (u)n = pn
@ Boundary conditions u u

Free-slip

{h:he(tvx)v

u/7(h,pg) = (0, De(t, x))

e EoS

@ How to compute EoS with real values

i ‘41
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t x)

p(t,x) o)

p(t,x) = po + p(t, x) with

diva — Blhpo) g

Po
dch+u-Vh=1(h, po)®
oru+ (u-V)u+t(h,po)Vp = 1(h, po)div(c(u))+g

o Unknowns

o Given quantities

e Boundary conditions

@ EoS (h,po) — T = (h, po) — /Sd:efpo W ) dilatability coefficient
0

o Liquid and vapour are characterized by their thermodynamic properties: (h, po) — T
o In the mixture, full equilibrium between liquid and vapour phases: T = T°(po) and we define

values at saturation: hﬁ(po)dghx(po, T*(po)) and T,f(po)d:CfTK(hﬁ,po)
w(hpo). if h < hE(po),
T(h,po) = Tm(h,po) if hj(po) < h< hg(po),
Tg(h,po), if h> h3(po),

@ How to compute EoS with real values

. ‘41
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An incomplete EoS

An Asymptotic Simplified Low Mach Model for the core of a PWR

p(t x)

p(t,x) OM?)

p(t,x) = po + p(t,x) with
divu = P Po) g
Po
oth+u-Vh=1(h, py)P
oru+ (u-V)u+t(h,po)Vp = 1t(h, po)div(c(u))+g

Unknowns
Given quantities

EoS

°
°

@ Boundary conditions

°

o How to compute EoS with real values

o Construction of the tabulated values §; using relation g = # /% — %
o Approximation of h— B, (h) by least squares on {h;, B;}ic7,

o Deduction of 7 (h, p) = 5(p) + fh’:s((p) ﬁ"—;h)dh

h = Bx(h) = po W exactly holds
Po

h + 7c(h) is continuous, positive, strictly increasing and saturation exactly holds

. ‘41 o
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An incomplete EoS

Influence of EoS: asymptotic 1d solution

Schematic comparison of the phases repartition in the core for different EoS
(exact steady state solution)

NIST-5 NIST-0 SG NASG
LT =]
Legend
. Vapour
D Mixture
- Liquid
0L =

i ‘42
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5. What | haven't told you
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What | haven’t told you — |

Model

o Extensive vs intensive parameters

An arbitrary system with r > 1 components and/or M phases [cf. talks of O.
Hurisse, R. Privat, H. Mathis, S. Miiller, F. Smai]

Miscible mixture [cf. talk of H. Mathis]

Metastability [cf. talk of F. James]

Second order phase transition, supercritical etc.

Partial equilibrium /disequilibrium [cf. talks of O. Hurisse, T. Flatten]

EoS

Other analytical (incomplete) EoS, like SAFT [cf. R. Privat]
o Library (especially written in Python) for water, in general based on
IAPWS [cf. O. Hurisse or M. DilLorenzo, Ph. Lafont ...]

‘44
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What | haven’t told you — Il

Computation

o How to compute the equilibrium entropy for using in CFD [cf. talk of O.
Hurisse]

o Concave hull used to define the entropy at equilibrium can be computed by
an inf-convolution and FLT [cf. H. Mathis and Ph. Helluy]

o The entropy at equilibrium can be interpreted as a solution of a
maximisation problem w.r.t. mass/volume/energy fractions
To compute the solution of this problem we have to solve a system of
algebraic equations. [cf. Th. Barberon, Ph. Helluy, N. Seguin]
A trick to simplify this system to obtain only one equation can be to use an
approximation of saturated curves 77 and ¢ parametrized by P or T. [cf. G.
Allaire, G.F., O. Hurisse, S. Kokh, ...]

o the problem to find tabulated values for other species that water (e.g.
sodium)

Some notes on thermodynamics
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Transformation rules

Transformation rules |

Considering a general implicit function f linking three variables x, y and z: f(x,y,z) = 0. If the
function can be inverted, it will be possible to write the explicit forms x = x(y, z), y = y(x, z)
and z = z(x, y). Some rules for transforming partial derivatives (valid for C* functions) are used

in thermodynamics:

ox| 1

)

9z aiz

ox| dy| 9z _ _,
8yzazxaxy7

Composite derivative rule:
let F(x,y) = G(a(x,y), b(x,y)) then

oF

9| _a6| aa| 0G| ab
dx|, daf, dx|, db|, ox|,
9F| _aG| aa| , 36| ab
Byxiaabayx ob |, dy |,

Some notes on thermodynamics

[reciprocity relation]

[eyclic relation]

if a(x,y) = x then

oF| _ oG] _ac| o
ox|, x|, 9b|, ox]|,
9| _ac| a
dy |, 9b|, dy|,
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