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Scheme of the core of nuclear reactors whose
coolant is water

Control Rods

Fuel Elements
Φ '170 MW

Water coolant (280 ◦C)

Water coolant
(330 ◦C)

Water: coolant
and moderator
p0 ' 155 bar
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Governing equations: the 1D-LMNC model1


∂yv =

β

p0
Φ,

∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
Given quantities
Boundary Conditions
Initial Conditions
Equation Of State
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Φ,

∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
(t, y) 7→ v velocity,
(t, y) 7→ h enthalpy,
(t, y) 7→ p̄ dynamical pressure;

Given quantities
Boundary Conditions
Initial Conditions
Equation Of State
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p0
Φ,

∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
Given quantities

p0 > 0 thermodynamical pressure (constant),
(t, y) 7→ Φ ≥ 0 power density,
(t, y) 7→ µ viscosity,
g gravity.

Boundary Conditions
Initial Conditions
Equation Of State
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∂yv =

β

p0
Φ,

∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
Given quantities
Boundary Conditions

p̄(t, y = L) = p0 dynamical pressure on the top
(%v)(t, y = 0) = De(t) entrance flow rate
h(t, y = 0) = he(t) entrance enthalpy

Initial Conditions
Equation Of State
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∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
Given quantities
Boundary Conditions
Initial Conditions

h(t = 0, y) = h0(y),
v(t = 0, y) = v0(y) = ve(0) +

∫ y
0 β(h0(z))Φ(0, z) dz/p0,

p̄(t = 0, y) = p0.
Equation Of State
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Governing equations: the 1D-LMNC model1


∂yv =

β

p0
Φ,

∂th + v∂yh =
Φ

%
,

∂t(%v) + ∂y (%v2 + p̄)− ∂y (µ∂yv) = −%g .

Unknowns
Given quantities
Boundary Conditions
Initial Conditions
Equation Of State

(h, p = p0) 7→ %

β
def
=−p0

%2
∂%

∂h

∣∣∣∣
p

compressibility coefficient.
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Monophasic Stiffened Gas EOS

%(h, p0) =
γ

γ − 1
p0 + π

h − q
where

γ > 1 adiabatic coefficient,
π reference pressure,
q binding energy.

=⇒
β =

γ − 1
γ

p0

p0 + π
constant

=⇒

%(h, p0) =
p0/β

h − q
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Exact solutions
1 Velocity
2 Enthalpy
3 Dynamic pressure
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1. Introduction 2. Monophasic-SG 3. Diphasic-SG 4. Schemes 5. Tests 6. Conclusion

Exact solutions
1 Velocity

Direct integration of ∂yv = β
p0

Φ.

v(t, y) = ve(t) +
β

p0
Ψ(t, y), Ψ(t, y)

def
=

∫ y

0
Φ(t, z) dz

2 Enthalpy
3 Dynamic pressure
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Exact solutions
1 Velocity
2 Enthalpy

Method of characteristics on ∂th + v∂yh = βΦ
p0

(h − q).
Example: if Φ and ve are constant, then

h(t, y) =

{
q + (h0(ξ(t, y))− q) e

βΦ
p0

t if ξ(t, y) ≥ 0,
he(t∗(t, y)) + Φ

De(t∗(t,y))y if ξ(t, y) < 0.

where

ξ(t, y) =

(
y +

p0

βΦ
ve

)
e−

βΦ
p0

t − p0

βΦ
ve ,

t∗(t, y) = − p0

βΦ
ln
(

1 +
βΦ

p0ve
ξ(t, y)

)
, for ξ(t, y) < 0.

3 Dynamic pressure
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Exact solutions
1 Velocity
2 Enthalpy
3 Dynamic pressure

Direct integration of ∂y p̄ = ∂y (µ∂yv)− ∂t(%v)− ∂y (%v2)− %g .
Example: if Φ and ve are constant, then

p̄(t, y) = p0 +
βΦ

p0
(µ(y)− µ(L))

+
p0(g + βΦ

p0
ve)

β

∫ L

y

1
h(t, z)− q

dz

+ βΦ2
∫ L

y

z
h(t, z)− q

dz
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Diphasic Stiffened Gas EOS with Phase Transition

Liquid κ = ` and vapor κ = g are characterized
by their thermodynamical properties

(h, p0) 7→ %κ

h

%

%`(h)

%g (h)

hs
`

%s
`

hs
g

%s
g

?

The two-phase mixture is constructed according to the second principle
of thermodynamics: when phases coexist, they have the same pressure
p0, the same temperature and their chemical potentials are equal.

g`(p0,T ) = gg (p0,T ) =⇒ T = T s(p0).

We define values at saturation:

hs
κ

def
= hκ

(
p0,T s(p0)

)
, %s

κ
def
= %κ

(
p0,T s(p0)

)
= %κ

(
hs
κ, p0

)
.
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Diphasic Stiffened Gas EOS with Phase Transition

%(h, p0) =
p0/β(h, p0)

h − q(h, p0)

h

%

%`(h)

%g (h)

hs
`

%s
`

hs
g

%s
g

%m(h)

where

β(h, p0) =


β`, if h ≤ hs

`(p0),

βm
def
=−p0

%s
g − %s

`

%s
g%

s
`(hs

g − hs
`)

if hs
`(p0) < h < hs

g (p0),

βg , if h ≥ hs
g (p0),

q(h, p0) =


q`, if h ≤ hs

`(p0),

qm
def
=
%s

ghs
g − %s

`h
s
`

%s
g − %s

`

if hs
`(p0) < h < hs

g (p0),

qg , if h ≥ hs
g (p0),
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Exact solutions
Let Φ, ve , he and h0 be constant and suppose liquid phase in entrance.

ts
`

y s
`

ts
g

y s
g

y

t

L

M

G y s
` = De

Φ (hs
` − he)

y s
g = De

Φ (hs
g − he)

ts
` = p0

β`Φ ln
(

hs
`−q`

h0−q`

)
ts
g = ts

` + p0
βmΦ ln

(
hs
g−qm

hs
`−qm

)
1 Velocity
2 Enthalpy
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Let Φ, ve , he and h0 be constant and suppose liquid phase in entrance.

ts
`

y s
`

ts
g

y s
g

y

t

L

M

G y s
` = De

Φ (hs
` − he)

y s
g = De

Φ (hs
g − he)

ts
` = p0

β`Φ ln
(

hs
`−q`

h0−q`

)
ts
g = ts

` + p0
βmΦ ln

(
hs
g−qm

hs
`−qm

)
1 Velocity: direct integration of ∂yv = β(h,p0)

p0
Φ.

v(t, y) =


ve + β`Φ

p0
y if (t, y) ∈ L,

ve + β`Φ
p0

y s
` + βmΦ

p0
(y − y s

` ) if (t, y) ∈M,

ve + β`Φ
p0

y s
` + βmΦ

p0
(y s

g − y s
` ) +

βg Φ
p0

(y − y s
g ) if (t, y) ∈ G,

2 Enthalpy

G. Faccanoni (Université du Sud Toulon-Var) LMNC 11 / 20



1. Introduction 2. Monophasic-SG 3. Diphasic-SG 4. Schemes 5. Tests 6. Conclusion

Exact solutions
Let Φ, ve , he and h0 be constant and suppose liquid phase in entrance.

y

t

ts
`

y s
`

ts
g

y s
g

t `
(y)

t m
(y

)
tg

(y) y s
` = De

Φ (hs
` − he)

y s
g = De

Φ (hs
g − he)

ts
` = p0

β`Φ ln
(

hs
`−q`

h0−q`

)
ts
g = ts

` + p0
βmΦ ln

(
hs
g−qm

hs
`−qm

)
1 Velocity
2 Enthalpy: method of characteristics on ∂th+v∂yh= β(h,p0)Φ

p0
(h−q(h, p0)).

h(t, y) =


q` + (h0 − q`)e

β`Φ

p0
t if (t, y) ∈ L and t < t`(y),

qm + (hs
` − qm)e

βmΦ
p0

(t−ts`) if (t, y) ∈M and t < tm(y),

qg + (hs
g − qg )e

βg Φ

p0
(t−tsg ) if (t, y) ∈ G and t < tg (y),

he + Φ
De

y otherwise.
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Asymptotic solutions

(h∞e ,D
∞
e > 0,Φ∞(y))

def
= lim

t→+∞
(he(t),De(t),Φ(t, y))

1 Enthalpy
Using ∂y (%∞v∞) = 0 we have ∂yh∞ = Φ∞

D∞e
.

h∞(y) = h∞e +
Ψ(y)

D∞e
, Ψ(y)

def
=

∫ y

0
Φ∞(z) dz

2 Velocity

v∞(y) =
D∞e

%(h∞(y))

3 Dynamic pressure
Direct integration of ∂y p̄ = ∂y (µ∂yv)− ∂y (%v2)− %g .
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MOC scheme
1 Enthalpy
2 Velocity
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MOC scheme
1 Enthalpy

∂th(tn+1, yi ) + v(tn+1, yi )∂yh(tn+1, yi )

=
β(h(tn+1, yi ))Φ(tn+1, yi )

p0
(h(tn+1, yi )− q(h(tn+1, yi )))

 

∫ tn+1

tn

d
dτ h̃n+1

i (τ)

dτ

=

∫ tn+1

tn

β(h̃n+1
i (τ))Φ

(
τ, χ(τ ; tn+1, yi )

)
p0

(
h̃n+1
i (τ)− q(h̃n+1

i (τ))
)

dτ

where τ 7→ h̃n+1
i (τ)

def
= h
(
τ, χ(τ ; tn+1, yi )

)
and χ is the solution of

d
dτ χ(τ ; tn+1, yi ) = v

(
τ, χ(τ ; tn+1, yi )

)
, τ ≤ tn+1,

χ(tn+1; tn+1, yi ) = yi .

2 Velocity
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 ∫ tn+1

tn

d
dτ h̃n+1

i (τ) dτ

=

∫ tn+1

tn

β(h̃n+1
i (τ))Φ
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τ, χ(τ ; tn+1, yi )

)
p0

(
h̃n+1
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MOC scheme
1 Enthalpy: let ξni ≈ χ(tn; tn+1, yi ).

If ξn
i > 0, let ĥn

i ≈ h̃n+1
i (tn) (at order 1 or 2) and then

hn+1
i = ĥn

i + ∆t
β(ĥn

i )Φ(tn, ξn
i )

p0
(ĥn

i − q(ĥn
i ))

If ξn
i ≤ 0, let t∗i = tn+1 − yi/vn

i ≈ τ such that χ(τ ; tn+1, yi ) = 0 and then

hn+1
i = he(t∗i ) + (tn+1 − t∗i )

β(he(t∗i ))Φ(t∗, 0)

p0
(he(t∗i )− q(he(t∗i )))

y

t

yj yj+1

tn+1

yi

tn

ξni

y

t

0

tn+1

yi

tn

ξni

t∗i

2 Velocity
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MOC scheme
1 Enthalpy
2 Velocity

vn+1
i = vn+1

i−1 +
1
p0

∫ yi

yi−1

β(h(tn+1, z))Φ(tn+1, z) dz

≈ vn+1
i−1 +

∆y
p0
β(hn+1

i−1 )Φ(tn+1, yi−1).

β is discontinuous at phase change points, so that if hs
κ ∈ (hn+1

i−1 , h
n+1
i ),

let y∗ = yi−1 + ∆y
hs
κ−hn+1

i−1
hn+1
i −hn+1

i−1
and then

∫ yi

yi−1

β(h(tn+1, z))Φ(tn+1, z) dz

≈ (y∗ − yi−1)β(hn+1
i−1 )Φ(tn+1, yi−1) dy + (yi − y∗)β(hn+1

i )Φ(tn+1, yi ) dy
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INTMOC scheme
1 Enthalpy

d
dτ h̃n+1

i (τ)

β(h̃n+1
i (τ))

(
h̃n+1
i (τ)− q(h̃n+1

i (τ))
) =

Φ
(
τ, χ(τ ; tn+1, yi )

)
p0

 

∫ h̃n+1
i (tn+1)

h̃n+1
i (tn)

1
β(h)(h−q(h)) dh =

1
p0

∫ tn+1

tn
Φ
(
τ, χ(τ ; tn+1, yi )

)
dτ

so that

h̃n+1
i (tn+1) = R−1

(
R(h̃n+1

i (tn)) +
1
p0

∫ tn+1

tn
Φ
(
τ, χ(τ ; tn+1, yi )

)
dτ

)
where

R(h)
def
=

∫ h̃

0

1
β(h)(h − q(h))

dh
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INTMOC scheme
1 Enthalpy : let ξni ≈ χ(tn; tn+1, yi ).

If ξn
i > 0, let ĥn

i ≈ h̃n+1
i (tn) (at order 1 or 2) and then

hn+1
i = R−1

(
R(ĥn

i ) +
∆t
p0

Φ(tn, ξn
i ) + Φ(tn+1, yj )

2

)

If ξn
i ≤ 0, let t∗i = tn+1 − yi/vn

i ≈ τ such that χ(τ ; tn+1, yi ) = 0 and then

hn+1
i = R−1

(
R(he(t∗i )) +

tn+1 − t∗i
p0

Φ(t∗i , 0) + Φ(tn+1, yi )

2

)

y

t

yj yj+1

tn+1

yi

tn

ξni

y

t

0

tn+1

yi

tn

ξni

t∗i
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MOC vs. INTMOC
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Initially the domain is filled with liquid phase
At t = 1.769 s mixture appears for y > y s

` ' 0.964 m
At t = 2.929 s pure vapor phase appears for y > y s

g ' 4.002 m
The asymptotic state is reached at t = 2.957 s
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tt1 t2 t3

Φ

Φ0

7%Φ0

At t2 the security system drops control rods into the core
=⇒ Φ(t)↘ 7%Φ0.

Mass fraction Temperature

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2  2.5  3  3.5  4

M
a
s
s

fr
a
c
ti
o
n
  
  
  
  
  
  
  
  
 

y

t= 5.500

INTMOC2
Asymptotic

 500

 550

 600

 650

 700

 750

 800

 0  0.5  1  1.5  2  2.5  3  3.5  4

T
e
m

p
e
ra

tu
re

  
  
  
  
  
  
  
  
  
 

y

t= 5.500

INTMOC2
Asymptotic

Description [t0 − t1 ] [t1 − t2 ] [t2 − t3 ] t > t3 Fin

G. Faccanoni (Université du Sud Toulon-Var) LMNC 18 / 20



1. Introduction 2. Monophasic-SG 3. Diphasic-SG 4. Schemes 5. Tests 6. Conclusion

Loss of Flow

tt1 t2 t3

ve

ṽ

2%ṽ
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ṽ

2%ṽ
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ṽ

2%ṽ
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Summary & Perspectives
Model

3 mono/diphasic low Mach model with phase transition (also for tabulated
EOS),

7 Heat diffusion,
t 7→ p0(t);

Theoretical study
3 unsteady exact solutions on some cases (also with phase transition),

steady exact solutions on all cases (also with tabulated EOS),

7 2D;

Numerical Method
3 preliminary results: 1D

quantitative simulations: comparison with compressible model and
experimental data,

7 2D (C. Calgaro, E. Creusé, T. Goudon).
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